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MECHANICAL STRESSES IN SUPERCONDUCTING QUADRUPOLES 

S.C. Snowdon 
c4ay 11, 1977 

Summary 

A solution has been found for stresses in a structural composite 

that models a shell type superconducting quadrupole. The composite 

consists of three nested hollow cylinders: the innermost cylinder 

represents the region of the bore tube, the middle cylinder the 

region of superconductor, and the outermost cylinder the region of 

the collars. Under zero stress a distribution of current is chosen 

to give a pure quadrupole field. Subsequent effects of prestress, cool- 

down and excitation on the state of stress are determined. Each 

region is characterized by two elastic constants, one thermal constant 

and one pretension constant. Two different cases are used to produce 

a pure quadrupole field: (A) two sheet currents nested between the 

innermost and middle cylinder each with a surface current density 

varying as cosine two theta; (B) a thick cosine two theta current 

distribution in the middle region. Numerical results are given for a 

beam line quadrupole. 

Equation for Elastic Displacements 

If : is the displacement vector then (1) 

(1) 

where E is Young's modulus, v is Doisson's ratio, 3 is the current 

density and ?i is the magnetic induction. If the case of sheet current 

excitation is used then the RHS of Eq. (1) is zero. 
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Generalized Plane Strain - 

For simplicity consider only the case for which us = sssz with 

E zz = constant. The remaining components are to be considered func- 

tions of (r,fJl only. This is consistent with an excitation in which 

Js is the only component of current density. Hence, Eq. (1) becomes 

-- :fe 
I 

=-2*sBe, 

-& 
i 

where 

8=2&. 

Magnetic Quantities of Interest 

Current Sheets (Model A): 

A pure quadrupole may be generated with two sheet currents each 

varying as cosine two theta. Thus 

i = 
z 

(r=b) 
cos29. (abA/cm) 

(r=c) 

The vector potential corresponding to this excitation is (emu) 

(l+b4rs r2 

As = VI b4rs-4s(l+c4rs-4)k 
I 

r2+b3i r -2 cos2e 
b 

b4rs b 
-4ib,c4r -4ic 

i 
-2 

S c 
I 

r2+(b3ib+c3ic)r 
i , 

(2) 

(3) 

(4) 

(51 

(6) 

where the top entry is for rcb, the middle entry for b<r<c, and 

the bottom entry for c<r<rs. See Fig. 1 for geometrical details. 
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The magnetic induction is given by taking the curl of 

Eq. (6) 

Be = -2n 

Be = -2~ 

(l+b4r 
S 

b4rs b -4ib_ (l+c4r 
J 

r+b3i r -3 
b 

b4rs b 
-4ib,c4r -4ic 

S c 2 r+(b3i +c3i )rS3 b c 

\ 
sin20 

‘i (l+b4r 
S 

-4)&(l+c4r s-4)qr -) 

;b4 i rs -4L(l+c4r b 
i cos29 

-4ic 1 
i 

s cJr-(b3ib+c3ic)r-'i . 

In order to calculate the forces one needs the average field at the 

current sheets. Thus 

(I_ 

(l+b4r s-4)ib+g(l+c4rs-4)i 1 (r=b) 

Br = -271 c 1 sin29 

(l+c4r 
S 

-4) (b3cT3ib+ic) 
J 

(r=c) 

-'x 
) 

b4rs-4ib+g(l+c4rs-4)ic i (r=b) 
cos28 

Hence the force per uni 

(7) 

(8) 

(9) 

(10) 

4 
'C 

.t 

s-4) ib+c4rsv4ic r (r=c) 

area of the current sheet is given by (dynes/ 

cm2) 

fr = 71 

b4rs -4.2b 4 -4)ii -j 
lb +c(l+c rs b c 

(l+cos4e) 

~(1-c4rs-4)ibic+c4rs-4ic2 
C3 

1 , 2 

(11) 
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r (l+b4rs-4)ib2+~(l+c4rs-4)ibic 

fg = -IT 
(l+c4r s-4) (gi i +i c3bc c 2, j . 

\ -2 
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(12) 

The magnetic energy stored in a unit length of the quadrupole 

is given by 
1 WB = 2 AsisrdB, 

which when contributions from each shell are added gives 

-4)i 2 b3 b +2-c-(l+c4r s-4)ibic 

+c2(l+c4rs -4)i 2 
c - 

3 
(ergs/cm) 

If ? designates the Maxwell stress tensor then in utilizing 

the virial theorem (2) one needs the projection of the outward radial 

traction on the radius vector. This becomes 

__A 
r-T.11 = &(Br2-Be2)r. 

Evaluating the integral in the virial theorem gives 

r ,z- 2 -4 
J r.T.nrdO = 2a2(b3ib+c3ic) rs . 

r=r 
S 

Finally the surface current densities are chosen so that both 

the total current and the radial moment of the current are the 

same as for the thick cosine two theta quadrupole. Hence 

2m(bib+cic) = J a(c2-b2) 
0 I 

2a(b2ib+c2ic) = J %(c3-b3) 03 , 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 
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which gives 

ib = &-(c2+cb-2b2)Jo, 

i 
C 

= -&(2c2-cb-b2)Jo. 

Equations (8), (19), and (20) may be used to eliminate the current 

density J 
0’ 

Thus 

B; = [2(c4-b4)-bc(c2-b2)]r -4 s - 
3 

Thick Cosine Two Theta (Model B): 

By definition a thick cosine two theta conductor carries an 

axial current between two radii (b,c) with a current density that 

varies as 

Jz = Jocos28. 

From this it follows that the vector potential (3) corresponding to 

this excitation is (emu) 

[ln%(c4-b4)r -4 2 b4 s Ir 

*z 
= mJ 

0 
[+ln2i(c4-b4)rs -41r2-%4r-2 cos2e 

a(c4-b4)(rsa4r2+rm2) I 

(19) 

(20) 

(21) 

(22) 

(23) 

where the three entries are for the three regions explained in 

Case A. 

The magnetic induction becomes 
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[lr&(c4-b4)rs r 
7 

-41 

j 
Br = -2mJo [Lln%L(c4-b4)r -4 4 r4 s ]r-ib4rw3 ))sin28 

I 

i(c4-b4)(rr -4+r-3) 
S J' 

cl 4 4 -4 [lneT(c -b )rs ]r 
, 

Br = -2nJo 
I 

'\ [-&ln~~(c4-b4)rs-4]r+~b4r-3 

I 
c 

i(c4-b4)(rr -4-r-3) 
S 

> 
c0s2e 

The Lorentz force in the region of the conductor is (dynes/cm3) 

fr = -JZBe = mJo2 
I 

[-Lln%+l(c4-b4)r -4 4 r4 s 1r+ib4r-3 (l+cos4e) , 

fe = JzBr = -.rrJo2 [&ln3i(c4-b4)r s-41r-+b4r-3 
3 

sin46 . 

The magnetic energy stored in a unit length of the quadrupole 

is given by 

WB = AsJsrdrd6 

Using Eqs. (22-23) one has 

WB = &'J 2 
0 

-4b41n2(c4-b4)[l++(c4-b4)rs-4] . 
1 

(ergs/cm) 

The integral of interest in the virial theorem is from Eq. (15) 

and Eqs. (24-25) 

12 2 4 4 -4 ;*;*&d8 = p Jo (c -b )r 
S s . 

(24) 

(251 

(26) 

(27) 

(28) 

(29) 

(30) 

Finally the current density Jo is chosenby relating it to the 

desired central gradient. From Eq. (25) 
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BA = -2sJo[ln&(c4-b4)rsT4]. (31) 

Form of Solution 

Equations (11-12) and Eqs. (26-27) indicate that a suitable 

form for the displacement is 

U r = Po(r)+P4(r)cos49 u6 = Q4(r)sin46. 

Substituting into Eqs. (2-3) gives 

-@$-[$&(rP,)] = -uC(1-X)r+4rlnr-b4r-3], 

Q4 EP -B&[$&(rP4) I+%$ (rQ4)-4B&(y) = 
r2 4 r 

-p[(l-A)r+4rlnr-b r 4 -3, , 

'4 40d -4&(r)+T;r;. (rP4)-$:[i& (rQ,)l+% = 2 4 r r 

=y[-(l+X)r+4rlnr+b r 4 -3, , 

where for convenience 

1 2 1+v P = zrJo E, h = (c4-b4)r -4+41nc. 
S 

Solutions of the Homogeneous Equations 

In general these solutions are of the form 

pO 
= Ar -1 +Br p4 = CrP Q4 = DrP, 

where p is found by substituting into Eqs. (34-35) to obtain 

[16-@(p2-l)]C+4[p+l-O(p-l)]D = 0, 

4[-p+l+B(p+l)lC-Cp2-l-16BlD = 0. 

(32) 

(33) 

(34) 

(35) 

(36) 

(33) 

(38) 

(39) 



constants 
+Blr 

/ 
\ +[-Clr3+ 

l-W, 
2-81 Dir -3 3-281 -5 -IrSB;E1r5+Flr 1~0~46. 

A2r -1 +B2r 
U = 

r l-2B2 

A3r-'+$G3rlnr+B3r +c-C2r3+-D2r 

-3 3-2fi2 -mE2r5+F2=- -5 lcos48 
1 2 

'. 
3 1-2e3 -3 3-2B3 -5 +[-C3r +2-R3 D3r -TE3r5+F3r ]cos46 
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A(p) = R (p2-9) (~~-25) . (40) 

-8- 

The determinant of the coefficients is 

Setting this equal to zero gives p = +3, i-5. Hence there are four 

solutions which must be added together to give 

P4 = -Dlr3+$$D2rm3- sD3r5+D4rm5, 

Q4 = Dlr3+D2rs3+D3r5+D4rs5. 

In addition to solutions of the form given in Eq. (32) another 

solution is added of the form 

U r = &rlnr 
ue 

= Gre, 

which is utilized in describing pretension. 

Displacement 

Collecting all the forms together one has after relabeling the 

(41) 

(42) 

(43) 

i 

t 

\ 

i (44) 
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ue = [C r3+D r -3 
2 2 +E2r5+F2r-' -1 sin48 

G3r0 + [C3r3+D3r-3+E3r5+F3r-5]sin48 ). 

Strain 

Using Eqs. (61-63) from Ref. (2) the strains are given by 

FN-306 
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(45) 

/“‘ 
\ 

! 
i 

E rr 

, 
'. 

/' '- 

ErB = ', 

i-- 

-Air -2 
+B1 

2 l-261 -4 3-2~~ I 
+[-3Clr -3 2-Bl Dlr -5wlElr4-5Flr -6 lcos4e / 

-A2r -2 
fB2 1) 2 l-2t32 

+[-3C2r -3FD2 r 
-4 3-202 

-5-E2r4-5F2r -6 
lc0s4e 

-A3rs2+k G3(l+lnr)+B3 
3 

l-2B3 -4 
+I-3C3r2-3q D3 r 

3-w3 
-5-E3 r4-5F3r -6 icoS48 .l', (46) 

-2 \ 
Air +B1 

\ b 

+[3Clr2+3 
3-2~1 -4 l-281 4 
2-~~ D1r +52-3filElr +5Flr 

-6 lc0s4e 

A2r 
-2 

+B2 
3-2B2 -4 

"> 
+[3C2r2+3-TD2 r 

1-2B2 -6 +5-E2r4+5F2r iCOS40 
i 

A3r -2+G3(1+Llnr)+B3 
*3 
2 3-203 s4 l-W3 

+[3C3r +3 2-83 D3r +52-3a3 E3r4+5F3r -6 lc0.548 .I' ' , (47) 

l-B1 
3Clr -6 2-B1 D1r 

l-e1 -x 
2 -4 

+102-3B1Elr 
\ 4-5Flr-6 / 

3C2r 
2 l-62 

-6~ Dp 
-4 l-P2 -6 I'. +10-E2 r4-5F2r i) sin48 

l-0, 
3C3r2-6- D3r 

l-8 
-4 +102-,; 3E3r4-5F3r-6 --.) . (48) 
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Stress 

To obtain the stress invert Eqs. (48-50) of Ref. (2). Thus, 

after using Eq. (4) 

u rr = &[:Bsrr-(2-8)see-(2-B)sZZ+(4-38)klr 

1E 
uee = Zi+v - [-(z-B) crr+Bcee-(2-B) E,,+(4-3B)k] r 

CT 
re = GTErer 

(49) 

(50) 

(51) 

where k is the thermal expansion coefficient integrated from room 

temperature to say 4.2'k. Using the homogeneous contribution to the 

strain from Eqs. (46-48) the homogeneous contribution to the stress 

becomes . ~, 
,' -Air -2 

+2-81)szz+;(4-38l)kl-M31)B1 'i 

l-51 -4 
-[3Clr2+9-Dlr 

l-B1 -6 +5TElr4+5Flr lcos48 

-A2r -2 

$T,, = 
-;(2-B2)s,,+;(4-3132)k2-(1-82)B2 ~,, 

I' 
l-O2 

-[3C2r2+9qD2r -4+5---.- 
l-B2 

2-3S2 E2r4+5F2r+]cos48 

-A3r -2-G3(l-83) (++$-lnr)-+ (2-83)sZZ++(4-383)k3-(l-B3)B3 
3 

2 l-83 -C3c3r +9qD3r -4+5 
l-O3 -6 -E3r4+5F3r 1~0~48 ."r (52) 
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/f’ 

' Alr -2 -;(2-Sl)szz+;(4-3P1)kl-(1-,¶l)Bl 
\ I 

1-E 
+[3Clr2+3+D1r -4 l-B1 -6 +15-Elr4+5Flr lCOS4e 

I 

/ 

A2r 
-2 

1+v -~(2-5,)E,,+:(4-35,)k2-(1-P2)B2 
E ‘88 = 

l-B2 -4 
+[3C2r2+3TD2r 

1-52 
+152-3B2 E2r4+5F2r -61c0s4e 

A3r 3-B;-(1+$33+lnr)-+ (2-L33)szz++(4-383)k3-(l-~3)B3 

l-5 
+[3C3r2+3GD3r -4+15 

l-B3 -6 2-E3r4+5F3r iCO.S%e, 
.I’ 

,(53) 

,- 2 
!/ 3Clr 1% -6qDlr 

-4 
+102-381E1r4-5Flr l-B1 -6 

--'_ 
1 

1+v u 
re = \ j 

l-62 -4 l-5, 
E i 

3C2r2-6qD2r +102-3S2 E2r4-5F2r 
-6 \ 

pin48 
! 

I 
c 

l-B3 
3C3r2-6qD3 r -4+10 

l-a3 
-E3r4-5F3r 

-6 i, 
_j . (54) 

Particular Solution 

The particular solution of Eq. (33) may be found by integrating 

and dropping those terms already included in the homogeneous form. 

Thus 

po (55) 

The contribution to the particular solutions (P4,Q4) of Eqs. (34-35) 

arising from a term on the RHS of the form r -3 

i) 0 

may be found by letting 

p4 = c 

Q4 
r-l. Thus 

D 
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16c+8B~ = ub4 (56) 

8c+16BD = ub4 (57) 
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or 

14 C = =ub D = &;b4. (58) 

The remaining contribution to the particular solution (P4, Q4) 

arising from the terms on the RHS proportional to r and to rlnr may 

be found by assuming solutions of the form 

p4 = (R+Slnr+Tln2r)r3, 

Q4 = (U+Vlnr+Wln2r)r3. 

Substituting into Eq. (34) gives 

[(16-SS)(R+U)-6BS+4(1-0)V-2f3Tlr 

+[(16-8f3)(S+V)-12BT+8(1-f3)W]rlnr 

+(16-8S)(T+W)rln'r =-u[(l-h)r+4rlnrl. 

Substituting Eq. (59-60) into Eq. (35) gives 

[(-8+16B)(R+U)-4(1-B)S-6V-2Wlr 

(59) 

(60) 

(61) 

+[(-8+16@)(S+V)-8(1-S)T-12Wlrlnr 

+(-8+16S)(T+W)rln2r = u[-(l+A)r+Brlnrl (62) 

In this substitutionthe term on the RHS of Eqs. (34-35) proportional 

to r -3 has been deleted since this contribution has already been found. 

Setting 

T+W = 0 (63) 

eliminates the term in rln2r from Eqs. (61-62). Equating the co- 

efficients of rlnr on each side of Eqs. (61-62) gives 
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(16-88) (~+V)-126~+8(l-B)W = -41.1, 

(-8+16f3) (s+v)-~(~-S)T-~~W = 41.1. 

Solving Eqs. (63-65) simultaneously gives 

T = ;(l+B);, w = - g (l+a)p 8' 

s+v = +8)#. 

Equating the coefficients of r on each side of Eqs. (61-62) gives 

[(16-8B)(R+U)-6BS+4(1-B)V-2BT] = -u(l-A), 

I(-8+16f3)(~+~)-4(1-S)S-6~-2~1 = -p(l+X). 

Solving Eqs. (68-69) simultaneously gives 

s = -LiL[L 12S 6(19-llB)+(1+0)hl, V = ~~[~(25-178)+(1+8)~1, 

R+U = -~~[~(25+118)+(1-8)h]. 

Since R and U are coefficients of r3, a term that is already included 

in the homogeneous solution, it is possible to choose one relation 

between R and U arbitrarily. Hence let U = 0. Then 

R = -~~[~(25+11B)+(l-B)hl, u = 0. 

Collecting all the contributions gives 

-~(1+B)r31.n2rl. 
,.i 

(64) 

(65) 

(66) 

(67) 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) 

(74) 
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Displacement 

FN-306 
1620 

The particular solution exists only in the region of conductor 

(b<r<c). If this part of the solutionisthought of as an additional 

displacement to be added to the homogeneous forms previously found, 

then 

A"r = po+p4c0s4e Aue = Q4sin48, (75) 

where PO, P4, Q4 are given in Eq. (55) and Eqs. (73-74). 

Strain 

Using Eqs. (61-63) from Ref. (2) the incremental strains are 

given by 

f 
AErr = ; -~(2+3h)r2+$21nr+$4r-2-~b4r-21nr 

19B+ 6(1+B)h]r21nr+~(l+B 
, 

)r21n2r c0s4e , ’ i -I 

AE,, = ; -~(2+h)r2+$z21nr+~b4r-21nr 

r 
: 1 

+ I =(4+B)b 4-2 11 r 
L 

-&.b(25+11B)+(l-B)h]r2 

1 
-! 

+&27-19B+6(1+B)A]r21nr-i(l+S)r21n2r cos4e \ , 
i 

= &! ! 
AEre B ’ 

4-2 11 -&(1+2f3)b r +i$8(25-3R) +Alr2 
c 

., 
+&y(l-8)+3(1+S)E.]r21nr-+(1+S)r21n2r' sin46 . 

(76) 

(77) 

(79) 
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Stress 

The incremental stress is related to the incremental strain 

using Eqs. (49-51) after dropping the terms in sss and k. Thus 

*'rr = &+AE rr-+3)A~ee1 

“ee 
= &-[-;(~-B)AE~~+;SA~~~I, 

“re = &AE~,. 

Applying these relations to Eqs. (76-78)gives 

(79) 

(80) 

(81) 

Aarr = ?- - 1+v Et LC2(l-B)+(1-2B)X]r2-:(1-2S)r21nr Bi8 

+$3b4r-2-1$4r-21nr 4 2 
r / 

1 4 -2 +j-n(J-B)b r +&[+(25-778)+2(1-5B)hlr2 
__ 

-;[9(1-B)+2(1+B)hlr21nr+:(1+B)r21n2r c0s4e] , 
I 

(82) 

E Au,, = - . 1+v $2 (l-8)+(3-26) h]r2-i(3-2B)r21nr 

+ &,4,-2 

[ 

’ ’ 
8 +&~(151-998)+2(7-30)hlr2 

1 
+7&[22(1-B)+12(1+B)h]r21nr-+(l+S)r21n2r 

I 

7 
c0s4e j. (83) 

: 

:- 
E Aare = - . fii - 

1+v B &(1+2B)b4rV2+&[&25-3B)+h]r2 
i. 

+&&+3)+3(1+8) Al r21nr-+(1+S)r21n2r sin48. 
I 

(84) 
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Boundary Conditions 

FN-306 
1620 

Within the innermost cylinder (a<r<b) and within the outermost 

cylinder (c<r<d) Eqs. (44-45) and Eqs. (52-54) are complete ex- 

pressions for the displacement and stress. Inside the middle 

cylinder and for Model B Eqs. (44-45) must be supplemented by Eqs. (55, 

73-75) to give the general expression for displacment. In addition, 

Eqs. (52-54) must be augmented by Eqs. (82-84) to give the complete 

form for stress. Using the complete forms the boundary conditions 

are as follows. 

At r=a, the innermost radius 

u (+) = o(+) = 0 
rr r0 , 

At r=b, 
,(+I- a(-)= -f 

rr rr 
(b) 

r ' 

.(+I- .(-)= -fe (b), 
re rB 

,(+)- ,(-I= 0 
r r I 

(+I 
% 

- ,(-)= 0 
e ' 

At r=c 

.(+)- .(-)= -f 
rr rr 

(c) 
r ' 

~ (+) 
r8 

(-)= -f 
- 're 

(c) 
e J 

,(+)- ,(-)= 0 
r r , 

ue (+) (2n) -l&j+) (0) = ca, 

and, after removing term proportional to e 

(+) 
% 

- p= 0 , 

(85) 

(86) 

(87) 

(88) 

(89) 

(90) 

(91) 

(92) 

(93) 

(94) 

At r=d, the outermost radius 
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,(-)= 0;;' = 0. 
rr 
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(95) 

Note that f r and fO are given by Eqs. (11-12) and may be written as 

fr = fro+fr4c0s4e, (96) 

fe = fe4sin40. (97) 

Since the normal stress err and the radial displacement u r involve 

both isotropic terms and terms proportional to cos4O there are 19 

relations to be obtained from Eqs. (85-95). An examination of Eq. (52) 

indicates that there are twenty unknowns (A B C D E F A B C D E F 111111222222 

A3G3B3C3D3E3F3Ess). The viral theroem will be used to supply the last 

relation. 

In detail Eq. (85) gives 

+[-Alam2- 1 
(~-t3,)B1-+-8,) czzl 

= -+ +-Wl)kl, 

l-8 
&-3Cla2-9+la-4-52~Ela4-5Fla-6] = 0, 

1 1 1 

1-B 
& [3Cla2-6&Dla-4+102-30 Ela4-5Flam6]= 

l-8, 
0. 

1 1 1 

At r=b, Eqs. (86-89) give 

&Alb-2+ (l-B11 Bl++Bl) ~~~1 
1 

+&[-A2b-2- 1 
(~-B2)B2-$2-B2) cZZl 

(98) 

(99) 

(100) 

E2 1 El = -1+v2 q(4-3B2)k2+F - ;(4-3Bl)kl-Aor,,(fro(b), (101) 
1 
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1-B 
&[3Clb2+9&Dlb-4+5 

1-B, 
1 2-3B 1 Elb4+5Flb-6] 

1-o 
+&I-3C2b2-9&D b-4-52-3B 

l- 8, 
2 22 2 E2b4-5F2b+] 

zz -Aa rr4 (b) -fr4 b) r (102) 

1-B 
&3clb2+6&Dlb-4-10&!&Elb4+5Flb-6, 

1 1 1 

1-B 
+&3c2b2-6&D2b-4+102~;@+2b4-5F2b-6, 

2 2 2 

= -Aure4 (b) -fe4 (b) , (103) 

-Alb -1 -Blb+A2b-l+B2b = -Aura(b), 

3 l-W1 
Clb - 

-3 3-281 
2-f11Dlb +T_7B;Elb5-Flb 

-5 

3 l-W2 
-C2b +-D2b 

-3 3-2B2 
-TE2b5+F2b-5 = -Aur4(b), 

-Clb3-Dlb-3-Elb5-Flb-5 

(104) 

(105) 

+C2b3+D2b-3+E2b5+F2b-5 = -Aue4 (b) . (106) 

At r=c Eqs. (90-93) give 

&h2c-’ + (1-b32)B2++B2) E=~] 

+&[-A3~-2- G3(1-63) (~~nC)-(l-R3)B3-f(2-83) EZZ] 

=- E3 
- 1+v3 

E2 - ;(4-3B3)k3+= . 
2 

;(4-3fi2)k2+Aorro(c)-f ,,(c), (107) 



-19- 

1-B 
&[3c2c2+9&D2c-4+521_;8B2E2c4+5F2c-6, 

2 2 2 
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l-8 
+&-3C3C2-g&3C-4-52~;~ E3c4-5F3c-6j = Aor,,(f,,(c). (108) 

3 3 3 

l-8 
&3C2c2+6&D2~-4-10~E2c4+5F2c-6: 

2 2 2 

l-8 
+&3C3c2-6&D3~-4+1021_;8B3E3c4-5F3c-6] = Aure4(c)-fe4(c), (109) 

3 3 3 

-A2c-' -B2c 

+A3cS1+$cG31nc+B3c = Au,,(c). 
3 

C2c3- 1-252 
2-B2D2~ 

-3 3-2B2 E 2 
+2-3B2 

c5-F2c -5 

l-2B3 
-C3c3+7qD3c 

-3 3-2@3 
--E3c5+F3c -5 = Aur4 Cc), 

2aG3c = ccx, 

-C2~3-D2c-3-E2c5-F2c -5 

3 +C3c +D3~c -3 +E3c5+F3~-5 = Aue4(c). 

At r=d Eq. (95) gives 

&-A3d-2 
3 

-G3(1-B3) ($&lnd)-(l-f33)B3-$(2-83) czzl 
3 

=- E3 1 - T(4-3B3)k3, 1+v3 

(110) 

(111) 

(112) 

(113) 

(114) 
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1-B 
&3C3c2-9$D3c-4-5sE3c4-5F3c-6, = 0, 

3 3 3 

1-B 
&3C3~2-6&D3~-4+10~E3~4-5F3c-6] = 0. 

1-.B3 

3 3 3 

(115) 

(116) 

Note that Aorro and Aorr4 are the isotropic and cos48 terms of 

Eq. (82). Similarly Aar04 is the sin48 term of Eq. (84). Likewise 

Aura = PO, Aur4 = P4 and Aue4 = Q4 of Eq. (75). Note also that the 

double current sheet excitation (Model A) is obtained by setting 

'"rr = Auee = Ao,, = Aur = Au6 = 0 while the thick cosine two theta 

excitation (Model B) is obtained by retaining the additional 

stresses and displacements but setting fro = fr4 = fe4 = 0. 

Use of the Virial Theorem 

The virial theorem is used to obtain the final relation among the 

unknowns. It states that 

I/(urr+u66+uss)rdrd8 = irzrs;.;.&d6+WB, (117) 

where the double integral is throughout the cross section of the 

material under stress. The single integral is over the cylinder at 

r=r s (iron shield) and WB is the magnetic energy per unit length 

contained within the region bounded by r=rs. The RHS of Eq. (117) 

has been evaluated in Eqs. (14) and (16) for Model A and in Eqs. (29- 

30) for Model B. From Eq. (47) in Ref. (2) one remembers that 

0 zz = v(orr+uee)+E(sZs-k). (118) 

The LHS of Eq. (117) becomes 

LHS(ll7) = iJ[l+v) (Orr+oee),+E(sZs-k)]rdrdB, (119) 
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or using Eqs. (52-53) 

LHS(117) = 2rIE(l-8)[-G(l+$++nr)-sss+3k-2Blrdr 

(120) 

where the Subscripts have been dropped since it is to be summed 

over each structural region. The indefinite integral is 

Indefinite LHS(117) 

= rE(l-S)[-G(l+glnr)-sss+3k-2Blr2 

+sEi(l-S)[i(2+A)r4-r41nr-b41nr], (121) 

where Eqs. (82-83) were utilized to obtain the second term. Placing 

this second term on the RHS and summing over all regions gives the 

final relation. 

nEl (1-01) [-cZZ +3kl-2Bl](b2-a2) 

+aE2(1-02)[-Ezs +3k2-2B2](c2-b2) 

+aE3(1-S3) [-G3-sss+3k3-2B31(d2-c2) 
i 

-22[d21nd-c21nc] 
83 1 

= RHS(122), 

where for Model A (double sheet cosine two theta) 

RHS(122) = ;r" 
i 

b2(l+5b4rsm4)ib2 

3 
+2by(l+5c4rs -4 . 1 iblc 

+c2(l+5c4rs -4)i 2 

I 
c * 

(122) 

(123) 
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In Eq. (123) ib and ic are given by Eqs. (19-21). 

For Model B (thick cosine two theta) 

12 2 RHS(122) = Xv Jo 
I 

-4b41n~(c4-b4)[l+~(c4-b4)rs-4] 

-4b41n~(c4-b4)[1+~(c4-b4)rs-4] , 
3 

(124) 

where Jo is given in Eq. (31). 

Numerical Calculations 

The condition of stress, strain and displacement that exists in 

three nested hollow cylinders as a result of thermal cooldown, pre- 

tension in the outer cylinder, and two different cosine two theta 

axial current distributions in the middle cylinder has been calculated 

as a function of the central quadrupole gradient. Twenty algebraic 

relations in Eqs.(98-116) and Eq. (122) among the twenty unknown co- 

efficients (A B C D E F A B C D E F A G B C D E F s 1 1 1 1 1 1 2 2 2 2 2 2 3 3 3 3 3 3 3 zs) have been solved. 
Thus, for example, the state of stress at any point in the quadrupole 

structure may be found. It is usually clear whether a quantity is 

stress or strain. Otherwise, R is radial, T is theta or aximuthal, Z 

is axial or longitudinal. With regard to position A,B,C,D are the 

radii bounding the various media. To indicate which side of a boundary 

radius, P is used for positive and M for negative. Thus, for example, 

RTBP indicates the (r,8) component at radius B but in the material 

between B and C. As explained previously (2) q is a stress which 

is to be compared with the yield stress in tension. 

Numerical results are given relative to a beam line quadrupole. 

The following cases were calculated 
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Case Cool Down Pretension Excitation 

1 No No No 

2 No No Yes 

3 No Yes No 

4 No Yes Yes 

5 Yes No No 

6 Yes No Yes 

7 Yes Yes NO 

8 Yes Yes Yes 

References 

1. R.W. Little, Elasticity, Prentice Hall, Inc., Enqlewood Cliffs, 

New Jersey, p. 77 

2. S.C. Snowdon, "Mechanical and Thermal Stresses in Doubler Dipole 

Magnets", Proc. of Conference on Computation of Magnetic Fields 

(COMPUMAG), Oxford, 1976, See also Fermilab FN-284, October 1975 

3. J.P. Blewett, "Iron Shielding for Air Core Magnets", Proc. of 

1968 Summer Study on Superconducting Devices and Accelerators, 

Brookhaven National Laboratory, 1968, p. 1042 



c 

-24- FN-306 
1620' 

%ig. 1. Geometric Details of Doubler Dipole Model 
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